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Abstract
In this work, we study the elastic scattering of pions at ﬁnite temperature using a O(N+1)/O(N)-invariant nonlinear
sigma model as an approach to Chiral Perturbation Theory. This model takes, instead of the well-known momentum
expansion, a set of N + 1 pseudoscalar particles, whose perturbative parameter is 1/N. Since strangeness is not
considered, the model is fully simpliﬁed and allows us to write amplitudes in a very easy way, as we will show here.
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1. Nonlinear Sigma Model
The dynamics of N massless pions and an auxiliar
σ ﬁeld is described in terms of the following O(N +
1)/O(N) ≈ S N Lagrangian [1]:
LNLσM = 12gab(π)∂μπ
a∂μπb, (1)
gab(π) = δab +
πaπb
NF2
(
1 − π 2a /NF2
) . (2)
The latter metric was obtained since the ﬁelds are
constrained as follows: π 2a + σ
2 = NF2; it gives rise to
every even self-interacting term between N pions. Fur-
thermore, the associated symmetry groups given both
in the broken and unbroken phase, i.e., O(N + 1) and
O(N), respectively, are isomorphic to those used in the
(non)massive momentum expansion model SU(2)L ⊗
SU(2)R/SU(2)V ≈ S 3. This is the main reason why
we use a large N expansion.
In order to consider the physical pions, we write
down a linear superposition of the ﬁrst three compo-
nents of the scalar multiplet in such a way that π± =
(π1± iπ2)/√2 and π0 = π3, just like ladder operators are
usually deﬁned. The remaining N − 3 particles are thus
ignorable Goldstone Bosons.
Figure 1: Resummation of all the thermal tadpoles.
2. Introducing Temperature in the Diagramatics
2.1. Eﬀective Thermal Tadpole Vertex
After expanding the metric (2), we introduce the tem-
perature in the diagramatics when taking into account
an eﬀective 4-pion vertex built up with all the thermal
tadpoles that come from joining two external legs in the
diagrams that contain 6 or more external lines. The re-
summation is given by the diagram shown in Fig. (1).
Its associated Feynman rule is
s
NF2
Iβ/F2
1 − Iβ/F2 ,
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where Iβ = T 2/12. As in the zero-temperature case, the
diagram depends on the external momentum
√
s and is
proportional to 1/N, as it is expected from the ampli-
tudes that contribute to the scattering process.
We remark that the diagram with no thermal tad-
poles, i.e., the ﬁrst term obtained after expanding (2)
and whose rule is s/NF2, is not included here since it is
considered as the lowest energy process at zero temper-
ature; besides, it introduces radiative corrections in the
amplitudes, as we will show below.
2.2. Pion-Pion Scattering Diagrams
Fig. (2) shows how we isolate the zero-temperature
scattering amplitude from those that consider interac-
tions of the pions with the thermal bath; such charac-
teristic is given by the amount of thermal vertices taken
for the lowest energy process (V), and is represented by
the ﬁrst entry in the brackets. The second entry arises
from the fact that if we want to deal with two or more
thermal vertices, we must bear in mind that the lowest
energy process has loops (Li), as in the case of [2,1].
The relation between V and Li is such that V = Li − 1.
The loop is represented by the integral
Iβ(s) = − N16π2 −
1
16π2
ln
(−s
μ2
)
+ I(s, β),
where N is a divergent quantity deﬁned in the MS
scheme. After summarizing all loops in the amplitudes,
we can write them now as powers of a geometrical se-
ries of Iβ(s), whose order depends on V . All these am-
plitudes are proportional to 1/N, which is considered as
the actual perturbative parameter of the model.
2.3. Renormalization
Here we use the same procedure given in [1], i.e., to
redeﬁne the non-looped vertices as follows:
s
NF2
→ s
NF2
G0(s), (3)
s
NF2
Iβ/F2
1 − Iβ/F2 →
s
NF2
Iβ/F2
1 − Iβ/F2 H0(s). (4)
This allows us to absorb the divergence from the loop
integral by deﬁning four renormalized coupling con-
stants, whose explicit forms are:
1
GR(s)
=
1
G0(s)
− sN
32π2
,
H(1)R (s) =
H0(s)
G 20 (s)
,
H(2)R (s) = N
H0(s)
G0(s)
,
H(3)R (s) =
H0(s)
G0(s)
. (5)
Figure 2: Some scattering processes that include Thermal vertices.
3. Solving the Finite-Temperature Term
Following the prescription of [2], and considering
that the energy of the virtual pions is always less than
the external momentum and proportional to T [3], we
ﬁnd that
I(s, β) =
1
2π2
[
IM(s, T ) + IM(s, T )0
]
, (6)
IM(s, T ) =
∞∑
j=0
{
1
(2 j − 1)2 −
1
4 j( j − 1)
+
∞∑
m=1
B2m
[2( j + m) − 1](2m)!
⎫⎪⎪⎬⎪⎪⎭
(
2T√
s
)2 j
, (7)
IM(s, T )0 =
T
4
√
s
[
Li2
(
T 2
s
)
− 4Li2
(
T√
s
)]
. (8)
There are two terms that contribute to I(s, β): the
zero-mode term IM(s, T )0 and the matter integral
IM(s, T ). They were computed after isolating the funda-
mental frequency by using the imaginary time formal-
ism [4, 5].
Unlike the cases presented in [6, 7], we do not take
into account temperatures above the chiral critical value
(approximately equal to the pion rest mass); thanks to
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this, we can compute the ﬁnite-temperature integral as
it was shown here.
4. Thermal Phase Shifts
We obtain that the renormalized elastic scattering am-
plitude reads
AR(s, β) =
s
NF2
⎧⎪⎪⎪⎨⎪⎪⎪⎩
GR(s)
1 − sGR(s)32π2F2
[
ln
(−s
μ2
)
− 16π2I(s, β)
]
+
M∑
V=1
H(1)R (s)
(
Iβ/F2
1 − Iβ/F2
)V
BR(s, T,V)
⎫⎪⎪⎬⎪⎪⎭ , (9)
where
BR(s, T,V) =
( s
32π2F2
{
H(2)R (s)+
+H(3)R (s)
[
ln
(−s
μ2
)
− 16π2I(s, β)
]})V−1
× 1{
1 − sGR(s)32π2F2
[
ln
(−s
μ2
)
− 16π2I(s, β)
]}V+1 .
(10)
This last result can be written as a geometrical series
after factorizing some terms and taking the limit M →
∞. Furthermore, the most important fact of having a
scattering amplitude like that given in (9) is that while
the greater the amount of thermal vertices, the smaller
its associated amplitude. This means that the presence
of the thermal bath is seen as a non-abrupt change in the
behaviour of physical observables.
In the large-N limit, the S -channel scattering ampli-
tude reads
a00(s, β) =
1
64π
∫ 1
−1
NA(s, β)d cos θ.
This one corresponds to null values of both isospin and
total angular momentum values. All the other Mandel-
stam Variables (t and u) are cancelled since they do not
carry isospin ﬂux.
Up to lowest order, GR(s) = H
(1)
R (s) = H
(2)
R (s) =
H(3)R (s) = 1. After ﬁnding its real and imaginary parts,
we can compute the phase shifts of the scattering pro-
cess as functions of
√
s and T ; their behaviour can be
seen in Fig (3); here we consider the following numer-
ical values: μ = 775 MeV, F = 55.43 MeV. A very
important fact is that the amount of free parameters to
consider in the model is less than in [8, 9].
5. Conclusions
• From the last graphic, we see that as the temper-
ature increases, the phase shifts rises to a higher
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Figure 3: Phase Shifts as functions of both T and the CM energy.
value, as it is was expected from [10]. In other
words, the thermal bath provides extra energy to
the scattering process.
• Since the temperature cannot reach its chiral crit-
ical value, we can consider the pions as massless
particles. Furthermore, taking higher values would
make the approach non convergent in the perturba-
tive sense.
• The resummation procedure used in the amplitude
allows us to separate the zero-temperature regime
from the ﬁnite-temperature terms. This is achieved
by not considering the ﬁrst term in the expansion
of the metric (2) (as we mentioned in section 1) so
we can make a suitable description of the problem.
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